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Abstract. We introduce a new concept of the so-called composite wavelet 
transforms. These transforms are generated by two components, namely, a 
kernel function and a wavelet function (or a measure) . The composite wavelet 
transforms and the relevant Calderon-type reproducing formulas constitute a 
unified approach to explicit inversion of the Riesz, Bessel, Flett, parabolic and 
some other operators of the potential type generated by ordinary (Euclidean) 
and generalized (Bessel) translations. This approach is exhibited in the paper. 
Another concern is application of the composite wavelet transforms to explicit 
inversion of the k-plane Radon transform on K". We also discuss in detail a 
series of o] 
argument. 
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where w is an integrable radial function satisfying w{x)dx — 0, have proved to 
be a powerful tool in analysis and applications. There is a vast literature on this 
subject (see, e.g., |Daj . [HO] , [M] , just for few). Owing to the formula 

(1.1) / wf{x,t)—^ = c^,U-^r^'f{^), «ec, A = 5]-^, 

Jo r fc^i cix,^ 

that can be given precise meaning, continuous wavelet transforms enable us to 
resolve a variety of problems dealing with powers of differential operators. Such 
problems arise, e.g., in potential theory, fractional calculus, and integral geometry; 
see, jHO| . [Rlj - |R7] . [Tr| . Dealing with functions of several variables, it is always 
tempting to reduce the dimension of the domain of the wavelet function w and find 
new tools to gain extra flexibility. This is actually a motivation for our article. 

We introduce a new concept of the so-called composite wavelet transforms. 
Loosely speaking, this is a class of wavelet-like transforms generated by two com- 
ponents, namely, a kernel function and a wavelet. Both are in our disposal. The 
first one depends on as many variables as we need for our problem. The second 
component, which is a wavelet function (or a measure), depends only on one vari- 
able. Such transforms are usually associated with one-parametric semigroups, like 
Poisson, Gauss- Weierstrass, or metaharmonic ones, and can be implemented to 
obtain explicit inversion formulas for diverse operators of the potential type and 
fractional integrals. These arise in integral geometry in a canonical way; see, e.g., 
[H, R2, R6, R9J. 

In the present article we study different types of composite wavelet transforms 
in the framework of the Lp-theory and the relevant Fourier and Fourier-Bessel 
harmonic analysis. The main focus is reproducing formulas of Calderon's type 
and explicit inversion of Riesz, Bessel, Flett, parabolic, and some other potentials. 
Apart of a brief review of recent developments in the area, the paper contains 
a series of new results. These include wavelet transforms for dilated kernels and 
wavelet transforms generated by Beta-semigroups associated to multiplication by 
exp(— i|^|^), /3 > 0, in terms of the Fourier transform. Such semigroups arise in the 
context of stable random processes in probability and enjoy a number of remarkable 
properties [Koj . [Laj . Special emphasis is made on detailed discussion of open 
problems arising in wavelet analysis of functions of matrix argument. Important 
results for L2-functions in this "higher-rank" set-up were obtained in ^OOR using 
the Fourier transform technique. The Lp-case for p 7^ 2 is still mysterious. The 
main difficulties are related to correct definition and handling of admissible wavelet 
functions on the cone of positive definite symmetric matrices. 

The paper is organized according to the Contents presented above. 

2. Composite Wavelet Transforms for Dilated Kernels 

2.1. Preliminaries. Let Lp = Lp(M"), 1 < p < 00, be the standard space of 
functions with the norm 

ii/iip=(/ ifix^dxy^" 

For technical reasons, the notation Loo will be used for the space Cq = Co(M") of 
all continuous functions on R" vanishing at infinity. The Fourier transform of a 



COMPOSITE WAVELET TRANSFORMS 



3 



function / on M" is defined by 



For < a < 6 < oo, we write f{ini)d^{if) to denote the integral of the form 
/[a,6)/('?)^/^('?)- 

Definition 2.1. Let g be a measurable function on R" satisfying the following 
conditions: 

(a) (7 e Li n L,. for some r > 1; 

(b) the least radial decreasing majorant of q is integrable, i.e. 

q{x) = sup \q{y)\ E Li; 
\y\>\x\ 

(c) /jj„ = 1. 
We denote 

(2.1) qtix)^t-^qix/t), QJ{x)^{f*qt){x), t > 0, 

and set 



(2.2) Wfix,t)^ / Qtjix)dfi{7^), 

Jo 

where /i is a finite Borel measure on [0,00). If ^ is a wavelet measure (i.e., fi has 
a certain number of vanishing moments and obeys suitable decay conditions) then 
(|2.2p will be called the composite wavelet transform of /. The function q will be 
called a kernel function and Qt a kernel operator of the composite transform W. 

The integral (|2.2p is well-defined for any function f E Lp, and 

\\Wfi;t)\\p<M\\\q\U\\f\\p, 

where 11/^11 = J^^^ ^^d\fi\{r]). We will also consider a more general weighted transform 

(2.3) Wafix, t) = r Qt^fix) e--^*" dfi{7j), 



where a > is a fixed parameter. 

The kernel function 5, the wavelet measure fi, and the parameter a > are in 
our disposal. This feature makes the new transform convenient in applications. 

2.2. Calderon's identity. An analog of Calderon's reproducing formula for 
Waf is given by the following theorem. 

Theorem 2.2. Let 11 be a finite Borel measure on [0,oo) satisfying 



(2.4) /x([0,cx))) = and / \logrj\d\^\{rj) < 00. 

and 



1 

log - dn{r]), 



then 
(2.5) 



f°° dt 1"°° dt 

/ Waf{x,t)- ^ hm / Waf{x,t)^ = C^f{x) 
Jo t '^^OJe t 



^We remind that L^o is interpreted as the space Co with the uniform convergence. 
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where the limit exists in the Lp-norm and pointwise for almost all x. If f ^ Co, 
this limit is uniform on R" . 



Proof. Consider the truncated integral 



(2.6) 



IJix)= I Waf{x,t)j, 



s>0. 



Our aim is to represent it in the form 

/•OO 

(2.7) lefix)^ Q,J{x)e-'''''k{s)ds 

Jo 

where 



(2.8) 



r 

k e Li{0, oo) and / 

Jo 



k{s)ds = Cn 



Once (|2.7p is estabhshed, aU the rest follows from properties (a)-(c) in Definition 
2.11 according to the standard machinery of approximation to the identity; see |Stj . 

Equality p.7p can be formally obtained by changing the order of integration, 
namely, 

dt 

Q,J{x)e-^^^- 



hfix) 



dnivi) 
Q,sf{x)e~''"k{s)ds, 



kis) 







d^i{ri). 



Furthermore, since fi{[0,oo)) — 0, then 

"1 ds 
s 

^Us 



\k{s)\ds = 















dfi{r]) 



< 



ds 
s 
ds 
s 



Similarly we have 



k{s)ds 



log77|d|^|(77) < oo. 



log -dfi{r]) = c^, 
V 



which gives (j2.8p . Thus, to complete the proof, it remains to justify application of 
Fubini's theorem leading to (|2.7p . To this end, it suffices to show that the repeated 
integral 

r oo J ( /> oc 

\Qt,f{x)\d\f,M 



is finite for almost all x in R". We write it as A{x) + B{x), where 
A{x)-- 



^ ^ t'\Qtnf{x)\dWri), B{x) 



lit 



t 



Since the least radial decreasing majorant of q is integrable (see property (b) in Def- 
inition [2ll]) , then supoo ^ cMf{x) where Mf{x) is the Hardy-Littlewood 
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maximal function, which is finite for almost x; see e.g., [St[ Theorem 2, Section 2, 
Chapter III]. Hence, for almost x, 



oo. 



A{x)<cMf{x) - d\fi\{rj)^cMfix) {log - ~ loge)d\fi\irj) < 

Je JQ Jo V 

To estimate B{x), we observe that since q ^ L^., r > 1, then, by Young's inequality 



\\QtI\\s<\\I\\Alt\\r=t' 



This gives 

and therefore, 
\\B\L < 



i/t 



\Qt^f{x)\d\^l\iv) 



< t 



111 

nl-l/r >0, - = - + --1. 

s r p 



i/t 



dt 



< oo. 



This completes the proof. 



□ 



3. Wavelet Transforms Associated to One-parametric Semigroups and 

Inversion of Potentials 

In this section we consider an important subclass of wavelet transforms, gener- 
ated by certain one-parametric semigroups of operators. Some composite wavelet 
transforms from the previous section belong to this subclass. 

3.1. Basic examples. 

Example 3.1. Consider the Poisson semigroup Vt generated by the Poisson 
integral 



(3.1) 



Piy,t)fix -y)dy , t>0 



with the Poisson kernel 



(3.2) 



r((n+l)/2) 



t 



t->(yA,l); 



Tj-in+l)/2 ^_ |y|2^(n+l)/2 

see jSW2| , |St| . In this specific case, the kernel function of the relevant composite 
wavelet transform is q{x) = p{x, 1) and on the Fourier transform side we have 



(3.3) 



Example 3.2. Another important example is the Gauss-Weierstrass semigroup 
Wt defined by 

(3.4) Wtfix)^ J^^w{y,t)f{x-y)dy, F[w{;tm) = e-'^^^\ t > 0; 

see |SW2) . The Gauss-Weierstrass kernel w{y,t) is explicitly computed as 

(3.5) w{y, t) = (4^0""/' cxp(- |y|' /U). 
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In comparison with (12. ip . here the scaling parameter t is replaced by \/t, so that 

(3.6) w{y, t) = (V<)-"g(y/ Vt), q{v) = w{y, 1) - (47r)-"/2 g^p(_ |^|2 ^^^^ 
and the corresponding wavelet transform has the form 

poo 

(3.7) Wf{x,t)^ / Wt^/(2;)e~''*''d^(77), x e M", i > 0, a > 0. 
This agrees with (I2.3P up to an obvious change of scaling parameters. 



Example 3.3. The following interesting example does not fall into the scope 
of wavelet transforms in Section 2, however, it has a very close nature. Consider 
the metaharmonic semigroup Mt defined by 



(3.8) {Mtf){x)^ j m{y,t)f{x-y)dy, F[m(., i)](e) = 6-*^^+^ 
see [Rll p. 257-258]. The corresponding kernel has the form 



where -f^(,i+i)/2(') is the McDonald function. The relevant wavelet transform is 



(3.10) Wf{x,t)^ / Mtrifix)dfi{ri), x eW\ t > 0. 

Jo 

This list of examples can be continued | AR4j . 



3.2. Operators of the potential type. One of the most remarkable appli- 
cations of wavelet transforms associated to the Poisson, Gauss- Weierstrass, and 
metaharmonic semigroups is that they pave the way to a series of explicit inversion 
formulas for operators of the potential type arising in analysis and mathematical 
physics. Typical examples of such operators are the following: 

(3.11) /"/ = F-i|er"F/= (-A)-"/2/ (Riesz potentials), 

(3.12) J"/ F-^l + \£,\^y"^^-Ff ={E~ A)-"^'^f (Bessel potentials), 

(3.13) = p-^il + l^iy^Ff = {E + V^r°'f (Flett potentials). 

Here Rea > 0, |^| = (^^ ^ ^2y/^ ^ ^ ^ J2k=i ^ is the Laplacean, and 

E is the identity operator. For / G ip(E"), 1 < p < oo, these potentials 
have remarkable integral representations via the Poisson and Gauss- Weierstrass 
semigroups, namely, 

1 

(3.14) /"/(.t) = t:-—- t°'~^Vtf{x)dt, 0<Rea<n/p; 



r(a) Jo 

(3.15) J" fix) = / t°'^'^-^e-^Wtf(x)dt, < Rea <oo; 

r(a/2) Jo 



1 f°° 

(3.16) T°'f(x) = / t°'-^e-*Vtf(x)dt, 0<i?ea<oo; 

r(a) Jo 

see |SW1) . [Rlj . [Fl) . Regarding Flett potentials, see, in particular, [FII p. 446- 
447], [SKMI p. 541-542], [ASE] . We also mention another interesting repre- 
sentation of the Bessel potential, which is due to Lizorkin [Li] and employs the 
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metaharmonic semigroup, namely, 

1 f°° 

(3.17) J"/(x) = -— / e-^Mtf{x)dt, 0<Rea<oo. 

r(a) Jo 



Equalities (|3.14[) - (|3.17[) have the same nature as classical Balakrishnan's for- 
mulas for fractional powers of operators (see |SKM[ p. 121]). 

Let us show how these equalities generate wavelet inversion formulas for the 
corresponding potentials. The core of the method is the following statement which 
is a particular case of Lemma 1.3 from 



Lemma 3.4. Given a finite Borel measure /i on [0,oo) and a complex number 
a, a' = Re a > 0, let 



(3.18) 

where 

(3.19) 



A„(s)==s-i/^+V(s), 



1 



Via + 1) Jo 

is the Riemann-Liouville fractional integral of order a+1 of the measure fi. Suppose 
that fj, satisfies the following conditions: 



(3.20) 



ifd\^\{ri) < oo for some 7 > a'; 



(3.21) / ri^dii{ri) — — 0,1, ... ,[Rea] (the integer part of a' ) . 

Jo 

Then 



(6.ZZ) ^'-y') - \ ois-^-')for some5>0, if s > 1, 



and 



(3.23) 



xo.{s)ds^ r^dt 

Jo ^ 

poo 

r{-a) ,7"dM(r?) 



^f a ^ No = {0,1,2,...}, 



= < 



(-1) 



ri°' log r]dfi{r]) if a G Nq, 



where fi{t) — /q°° e ^^d^irf) is the Laplace transform of ^. 



The estimate p.22p is important in proving almost everywhere convergence in 
forthcoming inversion formulas. 

Consider, for example, Flett potential p.l3p . (|3.16p . and make use of the com- 
posite wavelet transform 



Wv{x,t) = / VtnV{x)e-''^dii{Ti), 



(3.24) 

cf. Example [Q and (lOjl with a = 1 
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Theorem 3.5. Let f e Lp, 1 < p < oo, and let ip ~ .F"/, a > 0, be the 
Flett potentials of f. Suppose that fi is a finite Borel measure on [0,cxi) satisfying 
(MW and lEM- Then 

r°° dt f°° dt 

(3.25) wM^,t) JTT^ ^ l^J WM^,t)-^^ea,,^fix), 

where Ca.f_i is defined by US. 23\) and the limit is interpreted in the Lp—norm and 
pointwise a.e. on R". // / £ Co, the statement remains true with the limit in 
\3.25\) interpreted in the sup-norm. 

Proof. We sketch the proof and address the reader to |ASEj for details. 
Changing the order of integration, owing to (I3.24p . (|3.16p . and the semigroup prop- 
erty of the Poisson integral, we get 

1 /"OO /"OO 

(3.26) w^{x,t)^—- dpiv) {p~tr^)l~^e-PVpf{x)dp. 

r(a) 7o Jui 

Then further calculations give 



dt 



OO 



(3.27) j W^ix,t)-^=J^ e-''Vesf{x)K{s)ds, A„ (s) = .s-^/^+V(s), 

cf. (|3.18[) . It remains to applied Lemma [3^ combined with the standard machinery 
of approximation to the identity. □ 

Potentials (|3.1ip - (|3.13p and many others can be similarly inverted by mak- 
ing use of the wavelet transforms associated with suitable semigroups; see [AR4j . 
[ASE] . 



3.3. Examples of wavelet measures. Examples of wavelet measures, that 
obey the conditions of Lemma 13.41 with Ca.^ ^ 0, are the following. 

1. Fix an integer m > Re a and choose an even Schwartz function h{r]) on 
so that 

poo 

/i('=)(0) = Vfc = 0,l,2,..., and / if-"'h{Tj)dr]^0. 

Jq 

One can take, for instance, ft. (77) = exp (— ry^ — 1/77^) , h{0) — 0. Set dp{rj) — 
h^ra) j^Q^. difficult to show that if dp (r/) = 0, V fc = 0, 1, [Rea], 

and Ca^p. ^ 0. 

m 

2. Let p — (™) (^1)'' where m > Re a is a fixed integer and = bj {rj) 

j=o ^ 

denotes the unit mass at the point r] = j, i.e., {6j, f) = f{j). It is known [SKM[ 
p. 117], that 

POO TTZ, y \ 

J ry'=^dAi(?7) EE ^ (-1)^/ = 0, V /c = 0,l,...,m-l (we set 0° = 1 ). 
Moreover, Ca.^ = t'"'-^ (1 - e"*)" dt ^ 0. 
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4. Wavelet transforms with the generalized translation operator 

Continuous wavelet transforms, studied in the previous sections, rely on the 
classical Fourier analysis on M". Interesting modifications of these transforms and 
the corresponding potential operators arise in the framework of the Fourier-Bessel 
harmonic analysis associated to the Laplace-Bessel differential operator 



This analysis amounts to pioneering works by Delsarte [Dej and Levitan [Lej , and 
was extensively developed in subsequent publications; see Ki|, |Tr| . [AR3j . and 
references therein. 

Let = {x : x = {xi, . . . ,Xn) € M", a;„ > 0} and x' — {xi, . . . ,Xn^i). 
Denote 

LpAK) = {/ ■■ ll/IU = ( / \fix)fxl''dxy^' < oo}. 
The Fourier-Bessel harmonic analysis is adopted to the generalized convolutions 
(4.2) (/ * g)ix) = / f{y){Tyg){x) yl^dy, x e M^^, 

with the generalized translation operator 

r(j. + i/2) , 



(4.3) {Tyf){x) 



YJ^ J /(^' ~ y'' V^l- 2x„?/„cosa + yl) sin^"""^ a da, 



n], [Le] , |Tr| . The Fourier-Bessel transform i^^, for which {f * g) ~ {f)Pu{g), 
is defined by 

(4.4) iF.fm= [ /(a;)e'«'-^Vi/2(CnX„)a:2-dx, ^ G R'^. 



Here j\{T) = 2-^r(A + 1) r ^J\{t), where Jx{t) is the Bessel function of the first 
kind. The generalized Gauss- Weierstrass, Poisson, and metaharmonic semigroups 
{Wi'"^}, {V^'"''}, {Mi"''} are defined as follows: 

(4.5) iM^^nix) - / w(''\yMT^f ){x)yl^dy, 



i^.M'')(.,<)](0-e-*l«l^ 
(4.6) (-P^t^^rKx) - I p^^\y,t){T'f)[x)yl^dy, 



i^.[pM(.,t)](0=e-*l«l; 
(4.7) {M'i'^mx) = / mM(y,i)(TV)(a;)yrrfy, 



i^.M'')(-,t)](0=e-*Vi+^ 
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The corresponding kernels w'^"'^ {y,t), p^^^{y,t), and ■m^^\y,t) have the form 

2^^1^+1/2 

(4.8) w^-\y,t) = ———(AiTt) 



-(n+2i/)/2g-|j/|74t 



(4.9) P^''\y,t) 

(4.10) m^''\y,t) 



r(z/+ 1/2) 
2T{{n + 2v+l)/2) t 



7r"/2r(j/ + 1/2) (|2/|2 + t2)(n+2i.+ l)/2 



r(j/+ l/2)(27r)"/2 (^|y|2 +t2)(n+2,.+l)/2 

More information about these semigroups and their modifications 
{e-'wi"^'}, {e-*p(^)}, {e-*Al^'')}, 

can be found in |AB1] . |AB2) . [GA) . 

Modified Riesz, Bessel, and Flett potentials with the generalized translation 
operator (|4.3p are formally defined in terms of the Fourier-Bessel transform by 



(4.11) i^f = F-i|er"^./^(-A.)-"/v, 

(4.12) Xf = F-i(l + |e|')-"/2^^./=(£;-A.)^"/V, 



(4.13) ^,"/ = F-\l + \i\)-'-F,f={E+^^A f. 



respectively. Here Re a > and /S.^, is the Laplace-Bessel differential operator 
()4.ip . These generalized potentials have analogous to (|3.14p - p.l6p representations 
in terms of the semigroups (|4.5p - (|4.7p . namely, if / G Lp_^{W^) then 

(4.14) 4"/(x) = -— / t^-M''^f{x)dt, Q<Rea<{n + 2v)lp, 

r(a) Jo 

(4.15) J,"/(a;) = -p^^/ ^'^-^ e^' wl""^ f{x) dt, 0<i?e«<oo, 

r(a/2) 7o 

(4.16) J^"/(x) = e-^e-^^vi"^ f{x)dt, 0<Rea<oo. 

r(a) 7o 

Moreover, 

1 

(4.17) J".f{x) = —-- e-^M^t''^ f(x)dt, 0<Rea<oo. 

r(a) Jo 

We denote by sj:'^'^ any of the semigroups 

(4.18) W^,''\ e-'w[''\ V[''\ e-'v[''\ M^^K e-'M^^\ 
and define the relevant wavelet transform (cf. \2.2\ ) 

(4.19) e('^)/(x,t)= / <V(a;)d/i(7?), i>0, 

Jo 

generated by a finite Borel measure on [0,oo). 

There exist analogs of Calderon's reproducing formula for wavelet transforms 
()4.19p of functions belonging to the weighted space Lp,i,(R" ) and inversion formulas 
for potentials /"/, J"/, f , when / e Lp^v{W\_). For example, the following 
statement holds. 
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Theorem 4.1. Let tp — I^f, f e Lp^^{R^), 1 < p < {n + 2v) /a, and suppose 
that fi is a finite Borel measure on [0, cx)) satisfying L3. 20\) and \3.21]) . If 6^'^^(p is 
the wavelet transform of ip associated with the generalized Poisson semigroup v['^^ , 
then 

(4.20) ,1+1 ^^=l™oX /+! ' di = '^o.,,f{xl 

where 0^,^^ is defined by iS. 23\) . The limit in {4-20^ exists in the Lp ,j{W]^)-norm 
and in the a.e. sense. If f & Co, the convergence in J^.iiOp is uniform. 

The proof of this theorem is presented in [AR4] in the general context of the 
so-called admissible semigroups. This context includes all semigroups (|4.18[) . 

5. Beta-semigroups 

We remind basic formulas from Section 3.1 for the kernels of the Poisson and 
Gauss- Weierstrass semigroups: 

.... r((n+l)/2) t 



(5.1) F[p(.,t)](0=e"'l«l, p{y,t) 



r(«+l)/2 (,2 ^ |y|2)(„+l)/2' 



(5.2) F[wi;t)m^e-'\^\\ u;(y,t) = (47rO-"/2exp(-|j/|V4i). 

It would be natural to consider a more general semigroup generated by the kernel 
w^^^ (y, t) defined by 

(5.3) FM'3)(.,i)](0-e-*l«l', f3>0. 

This semigroup arises in diverse contexts of analysis, integral geometry, and prob- 
abihty; see, e.g., [Koj . |La) . |R8] . Unlike (|5.ip and (|5.2p . the kernel function 
w^^\y,t) cannot be computed explicitly, however, by taking into account that 

(5.4) w(^)(y,t) w^'^Hy) = w'^l^\y,l), 
properties of w^^^ (y, t) are well determined by the following lemma. 

Lemma 5.1. The function 

(5.5) w'^^Hy) ^ F-^[e-\-^']{y) = i2TTy f e'l^ "e''^-^ d^, /? > 0, 



is uniformly continuous on R". If f3 is an even integer, then vu^^^{y) is infinitely 
smooth and rapidly decreasing. More generally, if (3 ^ 2,4,..., then w'^^\y) has 
the following behavior when \y\ — s- oo.- 

(5.6) w^P\y) = c,\y\—ni + o{\y\)), -f^ - ■ 

//O < /3 < 2, then w^f^\y) > for all yeW\ 

Proof. (Cf. [Ko[ p. 44, for n — 1]). The uniform continuity of w^^^{y) follows 
immediately from (|5.5p . Note that if /3 is an even integer, then e"' ''' is a Schwartz 
function and therefore, w^^^ (y) is infinitely smooth and rapidly decreasing. Let 
us prove positivity of w^^\y) when < /? < 2. For ?/ = and for the cases 
(3 = 1 and P — 2, this is obvious. Let < /3 < 2. By Bernstein's theorem [Fell 
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Chapter 18, Sec. 4], there is a non- negative finite measure on [0,c») so that 
e"^"^^ = e~*^ diif3(t), z e [0,oo). Replace z by to get 

(5.7) e-l«l''= / e-*l«l^dM/3W. 

Jo 

Then the equality 

(5.8) [e-*l- 1>(2/) = W2t-«/2e-l^l'/4*, t > 0, 
yields 

JR" JO JO JR" 

/■oo 

= W2 / i-"/2e-l«lV4*rf^^(t) >o. 
Jo 

The Fubini theorem is applicable here, because, by (|5.7p . 

■/R" Jo JR" 

Let us prove (|5.6p . It suffices to show that 

(5.9) lim lyr+'^w^'^Hy) = 2^tt-'''^-^V{1 + /3/2)r((n + /3)/2) sin(^/3/2) 

(we leave to the reader to check that the right-hand side coincides with cp). For 
71 = 1, this statement can be found in [PS, Chapter 3, Problem 154] and in [Ko' p. 
45] . In the general case, the proof is more sophisticated and relies on the properties 
of Bessel functions. By the well-known formula for the Fourier transform of a radial 
function (see, e.g., [SW2| ). we write (^.n)"^ w^^\y) = /(I??!), where 

I{s) = (27r)"/25i-"/2 / e-'-''r"/V„/2-i(rs)dr 

JO 

/•oo I 

= {2nr'^s-- e-^' -[{Tsr'\j^,^{rs)]dT. 
Integration by parts yields 

/■oo 

I{s) = /3(27r)"/2s-"/2 / e-'-''r"/2+'5-i J„/2(rs) dr. 

JO 

Changing variable z = s^r^ , we obtain 

/•oo 

s"+^/(s) = (27r)"/2^(s-^), A{5)^ e-'^z^l^^J^i^{z^l^)dz. 

Jo 

We actually have to compute the limit Aq = \im A{S). To this end, we invoke 

Hankel functions H^\z), so that J^{z) = Re Hi^\z) if z is real (Erj . Let h,y{z) = 
z^h'^P (z). This is a single- valued analytic function in the z-plane with cut (— oo, 0] . 
Using the properties of the Bessel functions |Erj , we get 

(5.10) lim K{z) = 2T{iy)/TTi, 

z—*0 

(5.11) K{z) ^/2/^z''-^/^e''-'^^''+^'>, z~>oo. 

Then we write A{5) as A{5) — Re e~^^Ki/2iz^^^) dz and change the line of inte- 
gration from [0, oo) to ne = {z : z = re'^, r > 0} for small 9 < 7r/3/2. By Cauchy's 
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theorem, owing to ([STTO]) and (fOTj) . we obtain A{6) = Re e-^^hn/2{z^^'^) dz. 
Since for z = re\ K/2iz^^'^) ^ 0(1) when r = |z| ^ and K/2{z^^'^) = 
(3(7.(n-i)/2/3g-i- ^'^ sin(e//5)-j j„ ^ ]-,y ^^le Lebesgue theorem on dominated con- 
vergence, we get Aq = Re J^^ hn/2iz^^^) dz. To evaluate the last integral, we again 
use analyticity and replace ng by = {z : z — re^^^^^, r > 0} to get 



Aq = Re 



To finalize calculations, we invoke McDonald's function Kiy{z) so that 
This gives 



h,{z) = z-'Hl'Hz) = --{ze-'^/^K^ize-'^/^). 



Ao^^ sin(7r/3/2) / s^^'+^~' K^/2{s) ds. 
1" Jo 

The last integral can be explicitly evaluated by the formula 2.16.2 (2) from [PBMj . 
and we obtain the result. □ 

The Beta-semigroup Bt generated by the kernel w'^^^{y,t) (see (IS.Sp *) is defined 

by 

(5.12) Btf{x)=£ w^^Hy,t)f{x-y)dy, t > 0, 
and the corresponding weighted wavelet transform has the form 

(5.13) Waf{x,t)^ BtJ{x)e-''"^dti{r^), 



where a > is a fixed number which is in our disposal; cf (j2.3p . Following [Alj . we 
introduce Beta-potentials 

(5.14) J^f = iE+i-A^/'))-'^/^f, a>0, /3 > 0, 
that can be realized through the Beta-semigroup as 

(5.15) J^f(x) = —— / e-* BJ{x) dt. 

For /3 = 2, (|5.14p coincides with the classical Bessel potential p.l2p . and (|5.15p 
mimics p.l5p . Similarly, ioi f3 — I, the Beta-potentials coincide with the Flett 
potential (|3.16p . 

Explicit inversion formulas for Beta-potentials can be obtained with the aid of 
the wavelet transform (I5.13|) as follows. 

Theorem 5.2. Let f e Lp(R"), 1 < p < oo, a > 0, j3 > 0. Suppose that ^ is 
a finite Borel measure on [0, oo) satisfying 



(a) J d (rj) < oo for some 7 > 

/>OC 

(b) / r^^dfi{v)=0, Vj =0,l,...,[a//3]. 
Jo 

If'P = JpL then 

r°° dt [°° dt 

(5-16) Wip (x, t) = lim J Wip {x, t) = Ca/0,,.f{x), 
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where Cajfi^^i is defined by iS. 23\) (with a replaced by a/ (3). The limit in IjS.lT^ 
exists in the Lp-norm and pointwise for almost all x. If f ^ Co, the convergence is 
uniform. 

The proof of this theorem mimics that of Theorem 13. 51 see [Alj for details. 

Remark 5.3. The classical Riesz potential /"/ has an integral representation 
via the Beta-semigroup, namely, 

(5.17) /"/(x) = — — - / r/'^-i Btfix) dt. 

r(a//3) Jo 

Here / G Lp(R"), 1 < p < oo , and < Rea < n/p. For the cases /3 = 1 and 
(3 = 2 we have the representations in terms of the Poisson and Gauss- Weierstrass 
semigroups, respectively. 

The potential /"/ can be inverted in the framework of the Lp-theory by making 
use of (|5.17p and the composite wavelet transform (|5.13p with a = 0. 

6. Parabolic Wavelet Transforms 

The following anisotropic wavelet transforms of the composite type, associated 
with the heat operators 

(6.1) d/dt~A, E + d/dt^A, 

were introduced by Aliev and Rubin [AR2j . These transforms are constructed using 
the Gauss- Weierstrass kernel w(y,t) = (47rt)^"/^ exp(— |t/p/4t) as follows. Let 
]R"+^ be the (n-l-l)-dimensional Euclidean space of points {x,t), x = {xi, . . . ,Xn) & 
R", i g R^. We pick up a wavelet measure fi on [0, oo), a scaling parameter a > 0, 
and set 

(6.2) Pf,f{x,t;a)^ f{x~y/ay,t~aT)w{y,T)dydn{T), 

jR"x(0,oo) 



(6.3) 'Pf,f{x,t;a)^ / f{x - ^/ay,t - aT)w{y,T) e dydfi{T) 

jR"x(0,oo) 

(to simplify the notation, without loss of generality we can assume /i({0}) = 0). 
We call (j6.2p and (|6.3p the parabolic wavelet transform and the weighted parabolic 
wavelet transform, respectively. 

Parabolic potentials H^f and H^f, associated to differential operators in (|6.ip . 
are defined in the Fourier terms by 

(6.4) F[H'^fM,T) = (|e|2+^r)-"/2i^[/](e,T), 

(6.5) F[ny]i^,r) = (1 + + *T)-"/2F[/](C,r), 

where F stands for the Fourier transform in M"+^ . These potentials were introduced 
by Jones 'Jo' and Sampson 'Sa' and used as a tool for characterization of anisotropic 
function spaces of fractional smoothness; see |AR2j and references therein. For 
a > 0, potentials H"f and H^f are representable by the integrals 

(6.6) i/"/(x,i) = 7^7^/ T''/^-^w{y,T)f{x~y,t~T)dydT, 



r(a/2) 



^x(0, 



oo 1 



(6.7) n"f{x,t) = tJ-jtt, f T^'^-^e-^w{y,T)f{x-y,t-T)dydT. 



COMPOSITE WAVELET TRANSFORMS 



15 



Their behavior on functions f £ Lp = Lp(R"+^) is characterized by the following 
theorem. 



Theorem 6.1. [Ba], [R^ 

I. Let / e Lp, 1 < p < oo, < a < (n + 2)/p, q = {n + 2 - ap)-'^{n + 2)p. 

(a) The integral {H" f){x,t) converges absolutely for almost all {x,t) £ R""*"^. 

(b) For p > 1, the operator H" is bounded from Lp into Lq. 

(c) For p = 1, H" is an operator of the weak {l,q) type: 

|{(x,t):|(i7"/)(x,t)|>7}|< (^)'. 

II. The operator is bounded on Lp for all a > 0, 1 < p < oo. 

Explicit inversion formulas for parabolic potentials in terms of wavelet trans- 
forms (|6.2p and (|6.3p are given by the following theorem. 

Theorem 6.2. jAR2) Let ^ be a finite Borel measure on [0,00) satisfying the 
following conditions: 



(6.8) j T''d\^\{t) < 00 for some 7 > a/2; 

(6.9) / t^dfi{t) = , Vj =0,l,...,[a/2]. 
Jo 

Suppose that ip — H^f, f e Lp, 1 < p < 00, < a < (n + 2) /p. Then 

f°° da f°° 

(6.10) / P^ip{x,t;a) = lini / (...)= c„/2,^ /(x, t), 



where is defined by i3.23\) (with a replaced by a/2). 

The limit in k6.10fl is interpreted in the Lp-norm for I < p < 00 and a.e. on 
forl<p<oo. 

The same statement holds for all a > and 1 < p < 00 (Loo is identified with 
Co) provided that H" and Pp are replaced by TL°' and Vp, respectively. 

More general results for parabolic wavelet transforms with the generalized 
translation associated to singular heat operators 

(6.11) d/dt-A^, E + d/dt-K, (a,=^^ + -^_), 

k=l ^ n n 

were obtained in [ARll . These include the Calderon-type reproducing formula 
and explicit Lp-inversion formulas for parabolic potentials with the generalized 
translation defined by 

H^f{x,t) = F-^[{\x\' + it)-'''^ F,f{x,t)], 

Kfix,t) ^ F-'[il + \xf + zt)-'^/' F,fix,t)]. 

In the last two expressions, x G M" = {x € M" : a;„ > 0}, t e M^, and F^, i 



IS 



the Fourier-Bessel transform, i.e., the Fourier transform with respect to the vari- 
ables t and x' = {xi, ...,Xn-i), and the Bessel transform with respect to a;„ > 0. 
These results were applied in [ARll IAR2| to wavelet-type characterization of the 
parabolic Lebesque spaces. 
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7. Some Applications to Inversion of the fc-plane Radon Transform 

We recall some basic definitions. More information can be found in [GGG^ 
iHl IeI IR41 IR5) . Let Qn,k and Gn.k be the affine Grassmann manifold of all 
non-oriented fc-dimensional planes (fc-planes) r in R" and the ordinary Grassmann 
manifold of fc-dimensional linear subspaces ( of R", respectively. Each fc-plane 
T € Gn,k is parameterized as r = (C, u), where C € Gn.k and u e (the orthogonal 
complement of C in R"). We endow Gn,k with the product measure dr — dC,du, 
where d(^ is the 0(n)-invariant measure on Gn,k of total mass 1, and du denotes 
the Euclidean volume element on The k-plane Radon transform of a function 
/ on R" is defined by 

(7.1) f{r) = f{C,u)^l^f{y + u)dy, 

where dy is the induced Lebesque measure on the subspace ^ G Gn,k- This trans- 
form assigns to a function / a collection of integrals of / over all fc-planes in R". 
The corresponding dual k-plane transform of a function Lp on Qn.k is defined as the 
mean value of Lp (r) over all fc-planes r through x e M" : 



(7.2) V>{x)= / ^p{(rCo + x) da, x e W\ 

Jo(n) 

Here Co € Gn.k is an arbitrary fixed fc— plane through the origin. If / G Lp(R"), 
then / is finite a.e. on Qn,k if and only if 1 < p < n/fc. 

Several inversion procedures are known for /. One of the most popular, which 
amounts to Blaschke and Radon, relies on the Fuglede formula [Hi p. 29], 

(7.3) {fY = dk^rJ^f, dk,n = (27r)''a-„_fc_i/cr„^i, 

and reduces reconstruction of / to inversion of the Riesz potentials l'' f. The lat- 
ter can also be inverted in many number of ways [S], [SKMj . [Rlj . In view of 
considerations in Section 3.2 and 5, one can employ a composite wavelet transform 
generated by the Poisson, Gauss- Weierstrass, or Beta semigroup and thus obtain 
new inversion formulas for the fc-plane transform on R" in terms of a wavelet mea- 
sure on the one-dimensional set [0, oo). For instance, this way leads to the following 

Theorem 7.1. Let ip = f be the k-plane Radon transform of a function f G Lp, 
1 < p < n/k. Let fi be a finite Borel measure on [0, oo) satisfying 



(a) J rfd \p\ (77) < 00 for some 7 > fc; 

1*00 

(b) / ry^d^(r,)=0 V j = 0, 1, fc. 



Let Wip be the wavelet transform of (p, associated with the Poisson semigroup LS.1\) . 
namely, 

/>oo 

(7.4) Wip{x,t)^ Vtn'p{x)dn{r]), xeW, t > 0. 

Jo 

Then 

r°° dt f°° dt 

(7.5) / Wf,ix,t)-^^\\m Wp{x,t)^=Ck.J{x), 







COMPOSITE WAVELET TRANSFORMS 



17 



Ck^f. = / f'logt dfl{t). 



where (cf. (SJ^), 

k\ 

The limit in |y.5[ j exists in the Lp-norm and pointwise almost everywhere. If f (z 
Cq nLp, the convergence is uniform on M". 

Remark 7.2. The following observation might be interesting. Let 

1 

(7.6) I-^it) = -Fr^ {t^ s)"-^u{s)ds, t>0, 



r{a) 

be the Riemann-Liouville integral of u. It is known 'Rl' formula (16.9)] that the 
Poisson integral takes the Riesz potential /"/ to the Riemann-Liouville integral of 
the function t — )■ Vtf, namely, 

(7.7) Vtl'^f = I^V^.)f. 

Denoting by R and R* the Radon fc-plane transform and its dual, owing to Fuglede's 
formula (|7.3p . we have 

(7.8) R*Rf ^dk^nl'^f. 
Combining (|7.8p and (17. 7p . we get 

(7.9) RlRf = 4,„ I-V(.)f. R*Mx) = {VtR*v){x). 

This formula has the same nature as the following one in terms of the spherical 
means, that lies in the scope of the classical Funk-Radon-Helgason theory: 

/•oo 

(7.10) {fYAx) = <rk-i {mtf){x){e-r^f/^-Hdt- 



see Lemma 5.1 in [R4j . Here (Jk-i is the volume of the (fc — l)-dimensional unit 
sphere, 

(7.11) {mtf){x)^-^[ f{x + te)dd, t>o, 

O'n-1 

and (/)^(a;) is the so-called shifted dual k-plane transform, which is the mean value 
of /(t) over all fc-planes r at distance r from x. 

8. Higher-rank Composite Wavelet Transforms and Open Problems 

Challenging perspectives and open problems for composite wavelet transforms 
are connected with functions of matrix argument and their application to integral 
geometry. This relatively new area encompasses the so-called higher-rank problems, 
when traditional scalar notions, like distance or scaling, become matrix-valued. 



8.1. Matrix spaces, preliminaries. We remind basic notions, following | 
Let 9Jt„_m ~ R"™ be the space of real matrices x = (x^j ) having n rows and m 
columns, n> m; dx = Y[7=i IlJLi dxij is the volume element on 9Jl„_m, x' denotes 
the transpose of x, and Im is the identity m x m matrix. Given a square matrix a, 
we denote by det(a) the determinant of a, and by \a\ the absolute value of det(a); 
tr(a) stands for the trace of a. For x G 3Jt„.m, we denote 

(8.1) \x\m = det{x'x)^/'^. 

If TO = 1, this is the usual Euclidean norm on M". For to > 1, \x\m is the volume of 
the parallelepiped spanned by the column- vectors of x. We use standard notations 
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0{n) and SO{n) for the orthogonal group and the special orthogonal group of R" 
with the normalized invariant measure of total mass 1. Let Sm ~ R"('»+i)/2 be 
the space of to x m real symmetric matrices s = (sij ) with the volume element 
ds — Y\i<:j dsij. We denote by Vm the cone of positive definite matrices in Sm] l^m 
is the closure of Vm, that is, the set of all positive semi-definite m x m matrices. 
For r e Vm (r £ Vm), we write r > (r > 0). Given a and b in Srn, the inequality 
a > b means a — 6 G Vm and the symbol j'' f{s)ds denotes the integral over the set 

ia + Vm)n{b-Vm)- 

The group G — GL{m, R) of real non-singular mxm matrices g acts transitively 
on Vm by the rule r — > grg' . The corresponding G- invariant measure on Vm is 

(8.2) d^r ^ Irl-'^dr, |r| = det(r), rf=(TO+l)/2 

m p- 18]. 

Lemma 8.1. [Mul pp. 57-59] 

(i) If X ~ ayb where y £ DJtn^m, o, G GL(ri,M), and b G GL{m^M.), then dx — 
|a|™|6|"dy. 

(ii) If r = q' sq where s G Sm, o,nd q G GL(m,M), then dr — |(7|™+"'^ds. 

(iii) If r — s^^ where s G Vm, then r G Vm, md dr — \s\^"^^^ ds . 

For Re a > d — 1, the Siegel gamma function of Vm is defined by 

(8.3) Tm[a) = / exp(-tr(r))|rr d,r = ^"("-D/^ r(a - j72), 
[FKl ITej . The relevant beta function has the form 

(8.4) Bm{a,P) ^ Irr-'^l/^-rl^-'^dr ^ d = (m -f l)/2. 

This integral converges absolutely if and only if Re a, Re (3 > d— 1. 

All function spaces on 9Jl„,,„ are identified with the corresponding spaces on 
R"™. For instance, 5(2Jl„_m) denotes the Schwartz space of infinitely differentiable 
rapidly decreasing functions. The Fourier transform of a function / G Li(37l„.m) is 
defined by 



(8.5) Tf{y) = / eMtY{iy'x))f{x)dx, y G OT„,™ . 

The Cayley- Laplace operator A on 2Jl„.„i is defined by 

(8.6) A = det(a'a), d={d/dx^^j). 

In terms of the Fourier transform, the action of A represents a multiplication by 
the homogeneous polynomial (— I)™!?/!™ of degree 2m of nm variables y^.j. 

For the sake of simplicity, for some operators on functions of matrix argument 
we will use the same notation as in the previous sections. 

The Garding-Gindikin integrals of functions / on Vm are defined by 

s oo 

(8.7) (/«/)(s) = -^ f f{r)\.s^rr''dr, (/^/)(s) = -^ f f{r)\r-.sr''dr, 

Tm{a) J Tm{a) J 

s 

where s G Vm in the first integral and s G Vm in the second one. We assume 
Re a > d ~ I, d — {m + 1) /2 (this condition is necessary for absolute convergence 
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of these integrals). The first integral exists a.e. for arbitrary locally integrable 
function /. Existence of the second integral requires extra assumptions for / at 
infinity. 

The Riesz potential of a function / e S{VJln.m,) is defined by 

(8.8) {IV)(x) = -^-j- I fix ~ y)|2;|r"rf2/; 

(8.9) 7„,„i(a) = — - — , Rea>m-l, a ^ n-m+1, n-m+2, . . . 

r„((n - a)/2) 

This integral is finite a.e. for / e Lp{Tln,m) provided I < p < n{Rea + rn — 1)^^ 
[R9l Theorem 5.10]. 

An application of the Fourier transform gives 

(8.10) nivm = ieL".^/(o 

(as in the case of M"), so that /" can be formally identified with the negative power 
of the Cayley-Laplace operator (18. 6|) . namely, /" = (— A,„)^"/^. Discussion of 
precise meaning of the equality (j8.10|l and related references can be found in (R9) , 
[OR2]. 

Definition 8.2. For x g 3Jt„^m, n > m, and t g Vrm we define the (general- 
ized) heat kernel ht{x) by the formula 

(8.11) ht{x) ^ (47r)-'""/2|i|-"/2exp(-tr(t-ia;'a;)/4), \t\ = det(t), 
and set 

(8.12) Htfix)^ J ht{x-y)f{y)dy^ J hi^{y)f{x~yt^/^)dy. 

Clearly, Htf{x) is a generalization of the Gauss- Weierstrass integral 

Lemma 8.3. [R9] 
(i) For each t € Vm, 



(8.13) / hAx)dx^l. 

(ii) The Fourier transform of ht{x) has the form 

(8.14) Tht{y)^exp{~tiity'y), 
which implies the semi-group property 

(8.15) ht*hr ^ ht+r, t,T e Vm- 

(iii) /// e Lp{dKn,m), I <P <oo, then 

(8.16) ||i?J||p< HtHrf^Ht+rf, 
and 

(8.17) }^^{Htf}{x) = fix) 

in the Lp-norm. If f is a continuous function vanishing at infinity, then J7| ) 
holds in the sup-norm. 
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Theorem 8.4. }R9j Let m - I < Rea < n - m + I, d = {m + l)/2. Then 

1 

rm(c 



(8.18) il"f)ix) = ^ / / \tr^'Htf{x)d,t, dJ^\t\-Ut, 

(a/2) J-p^^ 



(8.19) iI,[/"/](x)=r/'[i/(.)/(a;)](t), 

provided that integrals on either side of the corresponding equality exist in the 
Lebesgue sense. 

8.2. Composite wavelet transforms: open problems. Formula (|8.18|) 
provokes a natural construction of the relevant composite wavelet transform on 
9Jl„,m associated with the heat kernel and containing a T^m-valued scaling param- 
eter. To find this construction, we first obtain an auxiliary integral representation 
of a power function of the form d = (m + l)/2. 

Definition 8.5. A function w on Vm is said to be symmetric if 

(8.20) w{gr]g-^) = w{ri) for all g G G'i(m,R), 77 e Vm- 
Note that if w is symmetric, then for any s, i e Vnn 

(8.21) w{t^/^st^/^) = w{s^/^ts^/^) and w{ts)^w{st). 

Indeed, the second equality follows from (|8.20[1 if we set 77 = ts, g = t^^ . The first 
equality in (|8.2ip is a consequence of the second one: 

W{t^'\st^'^) = w(i-l/2[il/2sfl/2]il/2) ^ ^ ^ w{s^'Hs^'^). 

Lemma 8.6. Let w he a symmetric function on Vm satisfying 

(8.22) / ^d^<cx3, c= / ^d^^O, h|=det(77). 
T/ien /or t G "Pm, 

(8.23) \t\^-'^ = c-' I da, d=(™+l)/2. 

Proof. By (|8.2ip we have (set a p"^, da = p^^'^dp ) 

w(a-4) ^ _ f M^^l^arH^ _ f w{t^/^pt^l^) ^ 



□ 



Now we replace a power function in (|8.18p according to (|8.23p with A = a/2. 
For Re a > (m — l)/2, we obtain 



-1 



r„(a/2) Jy,^ \a\d-<-/^ 

This gives 

c 



Htfix)w{a-H) dt. 



24) (/"/)(x) = ^ " ' . / W/(a;,a)|ar/2d,a, i?e « > (to - l)/2, 
a/2) J-p^ 
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with 

(8.25) nf{x,a)^\a\-'^ [ Htf{x) w{a-H) dt 
or, by the symmetry of w, after changing variable, 

(8.26) TLf{x,a)^ j H^i/2riai/2f{x)w{vi)diri, a; G 9Jl„,m, a e Vm- 

Taking into account an obvious similarity between (|8.26[) and the corresponding 
"rank-one" formula for m = 1, we call 7i/(x, a) the composite wavelet transform of 
f associated to the heat semigroup Hf. Here w is a symmetric integrable function 
on Vm (that will be endowed later with some cancelation properties) and a is a Vm- 
valued scaling parameter. One can replace w by a more general wavelet measure, 
as we did in the previous sections, but here we want to minimize technicalities. 

Owing to (|8.10|) . it is natural to expect that the inverse of /" has the same 
form (|8.24p with a formally replaced by —a, and the case a = gives a variant of 
Calderon's reproducing formula. 

Thus, we encounter the following open problem: 

Problem A. Give precise meaning to the inversion formula 

(8.27) fix) = c„,„ / ^^^fe^ d*a, ^ = /, 
and the reproducing formula 

(8.28) f{x)^cm[ nfix,a)d,a, 

say, for f £ Lp or any other "natural" function space. Give examples of wavelet 
functions w for which {8.27^ and \8.2^) hold. Find explicit formulas for the nor- 
malizing coefficients Cm,a md c^, depending on w. 

Solution of this problem would give a series of pointwise inversion formulas 
for diverse Radon-like transforms on matrix spaces; see, e.g., |OR2] . [OR3'. 'R9|, 
where such formulas are available in terms of distributions. Justification of (|8.27p 
and (|8.28[) would also bring new light to a variety of inversion formulas for Radon 
transforms on Grassmannians, cf. |GHu] . 

8.3. Some discussion. Trying to solve Problem A, we come across new prob- 
lems that are of independent interest. Let Re a > d — 1, d — (to -|- 1)/2. Suppose, 
for instance, that f{x), x e 2Jl„.m, is a Schwartz function and w(j]), j] G Vm, is 
"good enough" . We anticipate the following equality: 

(8.29) iJi^)^ r V^ill]^d,a^ j K,^{s)H,sf{x)ds, 
where h.a/2{s) expresses through the Garding-Gindikin integral in (|8.7p as 

(8.30) K,,{s) = lX'^+'w{s), s e Vm. 

If TO = 1 and a/2 is replaced by a, then (I8.30p coincides with the function Aq(s) = 
^-1 ja+i^^^-j Lemma [3.41 Now, we give the following 
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Definition 8.7. An integrable symmetric function w on Vm is called an ad- 
missible wavelet if 

) A„/2(s) = I^^'+'w{s) e L^iVm) and c„ - / A„/2(s) ds ^ 0. 



(8.31 

If w is admissible, then, by Lemma 18.31 the Lp-limit as e — s- of the right-hand 
side of (|8.29p is Cq. /, and we are done. This discussion includes the case a — 
corresponding to the reproducing formula. 

Thus, our attempt to solve Problem A rests upon the following 
Problem B. Find examples of admissible wavelets (both for a ^ and a — 0) 
and compute Cq. 

Now, let us try to prove (|8.29p . We say "try" , because along the way, we come 
across one more open problem related to application of the Fubini theorem; cf. 
justification of interchange of the order of integration in the proof of Theorem [ 

By ({8:26)) and (jHTQ)) . 

ni^fix.a) = / H^i/2^^i/2l°'f{x)'w{rj)dri 

Assume that x is fixed and denote ^l^{s) = Hsf{x). Then 
HI'' fix, a) = / w{T^)ll'^^{a^'^T^a^''^)dTj 



1 



r™(a/2) 
1 



i/2„ai/2 



ij{s)ds I w{ri)\s - a^'^ria^'^\''/^-'^ dr^ 



r™(a/2) 

= \ar'^-'' ( i;{s)ll'^w{a'^/^sa'^/^)ds. 

JVm 

Hence, the left-hand side of (|8.29p transforms as follows. 

da 



^{s) / /^/2^(a-i/2,„-i/2)^^ (seta = r-i) 



^{S) I ll'^w{T^/^ST^/^)dT 



V(£S) dy f /^/'«;(t1/2£1/2,^1/2^1/2) 



Thus we have 

(8.32) Ief{x)^ j ^{es)k{s)ds= I H,sf{x)k{s)ds, 

where 



k{s) = / ll^^w{X^/^sX^/^)dX. 
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To get (|8.29|) . it remains to show that fc(s) coincides with the function Ij8.30p . We 
have 



r™(a/2) Jo 

(set s = A^/^zA^/^ and note that ^(A^/^zA^/^) = w(zi/2;s^zi/2)) 



1 



r™(a/2) 7o 
r„(a/2) i 



Jo 



s — z 



1 _ 



r^(a/2)7o ' ' |zh/2+'i7o 
1 Z"* 



where 



l---r^'"'^lV5TI (setz = r-i) 

= J |sr-/„,|"/2-'^dr = Isr/^-'^y \r - s-^\"^^-'^ dr. 

The last integral can be easily computed using the well-known formula for Siegel 
Beta functions 

6 

(8.33) J\r- ap-'^lfo - rf-'^dr = Bm{a, P)\b - a\"+'^-'' 

a 

(many such formulas can be found, e.g., in [QR2j ). and we have 
Finally, we get 

Problem C. Although all calculations above go through smoothly, interchange 
of the order of integration remains unjustified. We do not know how to justify it and 
what additional requirements on the wavelet w should be imposed (if any). One of 
the obstacles is that ^ + , when we integrate over the higher-rank cone. 
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